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In 1971, Feynman et al. published a paper on hadronic mass spectra and transition rates based on 
the quark model. Their starting point was a Lorentz-invariant differential equation. This equation 
can be separated into a Klein-Gordon equation for the free-moving hadron and a harmonic oscillator 
equation for the quarks inside the hadron. However, their solution of the oscillator equation is not 
consistent with the existing rules of quantum mechanics and special relativity. On the other hand, 
their partial differential equation has many other solutions depending on boundary conditions. It is 
noted that there is a Lorentz-covariant set of solutions totally consistent with quantum mechanics 
and special relativity. This set constitutes a representation of the Poincare group which dictates the 
fundamental space-time symmetry of particles in the Lorentz-covariant world. It is then shown that 
the same set of solutions can be used as the mathematical basis for two-photon coherent states or 
squeezed states in quantum optics. It is thus possible to transmit the physics of squeezed states into 
the hadronic world. While the time-like separation is the most puzzling problem in the covariant 
oscillator regime, this variable can be interpreted like the unobserved photon in the two-mode 
squeezed state which leads to an entropy increase. 

PACS numbers: 11.30.Cp, 12.39.Ki, 42.50.-p 



I. INTRODUCTION 

Since Einstein's formulation of special relativity in 
1905, the most important development in physics is the 
formulation of quantum mechanics resulting in Heisen- 
berg's uncertainty principle. 

For solving practical problems, the Schrodinger wave 
equation is commonly used. For scattering problems, we 
use running-wave solutions. For bound states, we obtain 
standing-wave solutions with their boundary conditions. 
Indeed, this localization boundary condition leads to dis- 
crete energy levels. 

For scattering problems, we now have Lorentz- 
covariant quantum field theory with its scattering matrix 
formalism and Feynman diagrams. Since quantum field 
theory was so successful that there had been attempts 
in the past to understand bound-state problems using 
the S matrix method. However, it was noted from the 



calculation of the neutron-proton mass difference from 
Dashen and Frautchi that the S-matrix method does not 
guarantee the localization of the bound-state wave func- 
tions 0,11. 

While the localization boundary condition is the main 
problem for the bound state, the question is whether this 
issue is covariant under Lorentz transformations. We 
know the hydrogen has its localized wave function, but 
how would this appear to the observer on a train? One 
way to reduce this difficulty is to study harmonic os- 
cillators, because the oscillator system has its built-in 
boundary condition. For this reason, there had been 
many attempts in the past to make the harmonic os- 
cillator Lorentz-covariant. 

In order to understand the hadronic mass spectra and 
hadronic transition rates in the quark model, Feynman 
et al. in 1971 published a paper containing the following 
Lorentz-invariant differential equation [3j]. 



J 



d V f d x - 

dx*J + \da* 



+ ^(^-4) 2 + ™oU«,^)=0, 



(1) 



for a hadron consisting of two quarks bound-together harmonic oscillator potential. The space-time quark coordinates 
are a;° and x^. They then wrote down the equation 

They wrote down the hadronic and quark separation respectively, and </> (a;^, a;^) as 
coordinates as 
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Then the differential equation can be separated into the 
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following two equations 
if d 



\dX. 



+ mi + (A + 1) }f = 0, (4) 



for the hadronic coordinate, and 
2 ~> 




+ x 2 u U(^) = (A + 1)V(^)> (5) 



for the coordinate of quark separation inside the hadron. 

The differential equation of Eq.© is a Klein-Gordon 
equation for the hadronic coordinate. The Klein-Gordon 
equation is Lorentz-invariant and is the starting point 
for quantum field theory for scattering processes with 
Feynman diagrams. This aspect of physics is well known. 
In the present case, the solution takes the form 



with 



f(X) = exp (±iP ■ X) 



+ (A + 1). 



(6) 
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We are using here the space-favored metric where P 2 — 
(P% + P 2 + Pi - -E 2 ) . The hadronic mass is thus deter- 
mined from mo and A. The A parameter is determined 
from the oscillator equation of Eq.© for the internal 
space-time coordinate. The internal quark motion deter- 
mined the hadronic mass, according to Feynman et al. 

Indeed, the differential equation of Eq.© contains the 
scattering-state equation for the hadron, and the bound- 
state equation for the quarks inside the hadron. The 
differential equation of Eq. © is also a Lorentz-invariant 
equation. The problem is that the set of solutions given 
by Feynman et al. in their 1971 paper is not consistent 
with the existing rules of physics. This is the reason why 
this paper is not well known. 

However, this does not exclude other sets of solutions. 
The solutions can take different forms depending on the 
separable coordinate systems with their boundary con- 
ditions. Indeed, there is a set of oscillator solution that 
can constitute a representation of the Poincare group, 
particularly that of Wigner's little group which dictates 
the internal space-time symmetry of the particles in the 
Lorentz-covariant world 0, H[ . We choose to call this set 
of solutions the Poincare set. 

If we ignore the time-like variable in Eq.©, it is the 
Schrodinger-type equation for the three-dimensional har- 
monic oscillator. If we ignore it, the equation loses its 
Lorentz invariance. The problem is how to deal with the 
time-separation variable, while it is not even mentioned 
in the present form of quantum mechanics. If wc believe 
in Einstein, this variable exists wherever there is a spa- 
tial separation like the Bohr radius. However, we pretend 
know about it in the present form of quantum mechanics. 

In this report, we give an interpretation to this vari- 
able based on the lessons we learn from quantum optics. 
For this purpose, we show first that the Poincare set for 



the covariant harmonic oscillator can be used for mathe- 
matical basis for two-photon coherent states or squeezed 
states @. In other words, the squeezed states can be con- 
structed from the Lorentz-invariant differential equation 
of Eq.©. 

We then establish that the longitudinal and time-like 
excitations in the covariant harmonic oscillator system 
can be translated into the two-photon coherent state. We 
know what happens when one of the two photons is not 
observed. The result is an increase in entropy Q • We can 
then go back to the covariant oscillator and give a similar 
interpretation to the time-separation variable which is 
not observed in the present form of quantum mechanics, 

In Sec. UH we introduce the set of solutions of Eq.© 
which constitutes a representation of the Poincargroup. 
We then study the space-time geometry of its Lorentz 
covariance. In Sec. IIII1 it is shown that the oscillator 
differential equation of Eq.© can serve as the starting 
equation for squeezed states in quantum optics, and also 
that this Poincare set serves as the mathematical basis 
for the two-photon coherent state. In Sec. IIV1 we give 
a physical interpretation to the time-separation variable 
in terms of Feynman's rest of the universe, which has a 
concrete physical interpretation in quantum optics. 



II. LORENTZ BOOSTS AS SQUEEZE 
TRANSFORMATIONS 



In 1979, Kim, Noz, and Oh published a paper on repre- 
sentations of the Poincare group using a set of solutions 
of the oscillator equation of Eq.© Q. Later in 1986, 
Kim and Noz in their book [8j noted that this set cor- 
responds to a representation of Wigner's 0(3)-like little 
group for massive particles. If a particle has a non-zero 
mass, there is a Lorentz frame in which the particle is 
at rest. Wigner's little group then becomes that of the 
three-dimensional rotation group, which is very familiar 
to us. 

The Lorentz-covariant solution of the Lorentz- 
invariant differential equation contains both space-like 
and time-like wave components, but we can keep the 
time-like component to its ground state. The wave func- 
tion thus retains the 0(3)-like symmetry. The solution 
takes the form 



tp{x,y,z,t) = 




exp 



-f- 



ip(x,y,x). (8) 



As for the spatial part of the differential equation, it is 
the equation for the three-dimensional oscillator. We can 
solve this equation with both the Cartesian and spherical 
coordinate systems. If we use the spherical system with 
(r, 9, </>) as the variables, the solution should take the form 



ip(x,y,z) = R\,e(r)Yt t , 



i exp 



x 2 + y 2 + z 2 N 



(9) 
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where Yz im (9, <f>) is the spherical harmonics, and R\^(r) 
is the normalized radial wave function with r — 
1/x 2 + y 2 + z 2 . The A and I parameters specify the mass 
and the internal spin of the hadron respectively, as re- 



quired by Wigner's representation theory [4|, |8(. 

If we use the Cartesian coordinate systems, and the 
solution can be written as 



i/)(x,y,z) = 



ny/ir2 (a + b + n )a\bh 



1/2 



H a (x)H b (y)H n (z) exp < - 



,:2 



(10) 



where H n (z) is the Hermite polynomial of z. Since the three-dimensional oscillator system is separable in both the 
spherical and Cartesian coordinate systems, the wave function of Eq.® can be written as a linear combination of the 
solutions given in Eq. lfTO)) . with A = a + b + n. 

When we boost this solution along the z direction, the Cartesian form of Eq. (fTU)) is more convenient. Since the 
transverse x and y coordinates are not affected by this transformation, we can separate out these variables in the 
oscillator differential equation of Eq.([5]), and consider the differential equation 



+ zJ 



ip(z,t) = nip(z,t). 



(11) 



This differential equation remains invariant under the 
Lorentz boost 



z — > (coshry)z + (sinh?7)<, 
t — > (sinh?7)z + (coshfy)i. 



with 



'1 + 
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(12) 
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where j3 is the velocity parameter v/c. 

If we suppress the excitations along the t coordinate, 
the normalized solution of this differential equation is 
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r2"n! 
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i?„(z)exp < - 



z 2 +t 2 



(14) 



If we boost the hadron along the z direction accord- 
ing to Eq.(fT2"|). the coordinate variables z and t should 
be replaced respectively by [(cosh rj)z — (smhrj)t\ and 



[(coshTy)i— (sinhr;)^] respectively, and the expression be- 
comes uncontrollable. 

In his 1949 paper [9[, Dirac introduced his light-cone 
variables defined as 



z + t 



z - t 



(15) 



V2 ' yft' 
Then the boost transformation of Eq. (fT2"|) takes the form 



u —> e n u, v — * e n v. (16) 



The u variable becomes expanded while the v variable 
becomes contracted. Their product 

uv = \{z + t){z-t) = \{z 2 ~t 2 ) (17) 



remains invariant. Indeed, in Dirac's picture, the Lorentz 
boost is a squeeze transformation. 

In terms of these light-cone variables, the ground-state 
wave function becomes 



1 



1/2 



jj I U + V 



^(X,t) = 

and the excited-state wave function of Eq. (fT4| takes the form 



u 2 + v 2 



(18) 
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exp 



(19) 
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for the moving hadron. If we use the x and t variables, 
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1/2 , 




im\2 n 



exp 



-2t) 



(z + i) 2 + e 2 "(z-<) 



For the ground state with n = 0, the wave function is a Gaussian function 

-2 Vu 2 + e 2n v 2 



"1" 


1/2 , 




exp^ 


7T 





In terms of the z, t variables, 



4>°Jx,t) = 



1/2 



exp 



\z + t) 2 + e 2r '{z-tf 



(20) 
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Lorentz-covariant Quantum Mechanics 
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Feynman's proposal allows 
us to combine Dirac's 
quantum mechanics and 
Lorentz covariance to 
generate Lorentz-squeezed 
hadrons. 



FIG. 1: Lorentz-squeezed hadrons. Feynman's proposal leads 
us to combine Dirac's quantum mechanics with c-number 
time-like excitation [ljj, and his light-cone representation of 
Lorentz boosts 11]. Dirac also considered using harmonic 
oscillators to combine quantum mechanics and special rela- 
tivity fill . It is not difficult to obtain the third figure 
by combining the first two. The Lorentz boost is a squeeze 
transformation. 



This Gaussian factor determines the space-time local- 
ization property of all excited-state wave functions, and 
its space-time localization property is illustrated in terms 
of the circle and ellipse in Fig. [1] According to this fig- 
ure, the Lorentz boost is a squeeze transformation. This 



figure combines Dirac's four papers aimed at combining 
quantum mechanics with special relativity [H, [l(| EH, E2] • 
It is important to note that this Lorentz squeeze prop- 
erty has been experimentally verified in various observa- 
tions in hi gh-e nergy physics, including Feynman's parton 
picture Bill El- 

III. SQUEEZED STATES 

Let us start with the Hamiltonian of the form 



H 4 



d 



d 
dx 2 




and the differential equation 

H + ip(xx,x 2 ) = (m +n 2 + (art, x 2 ) 



This is the Schrodinger equation for the two-dimensional 
harmonic oscillator. This differential equation is separa- 
ble in the x\ and x 2 variables, and the wave function can 
be written as 



1p(xi,X 2 ) =Xn t (xi)Xn 2 (X 2 ) ; 



(25) 



where \n (x) is the n-th excited-state oscillator wave func- 
tion which takes the form 



Xn(x) 



1 



1/2 



H n (x) exp 



(26) 



Thus 



ip(xi,x 2 ) 



7r2("i+™2)(n 1 + n 2 )l 



1/2 



H ni (xi) H n2 (x 2 ) exp 



(27) 
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If the system is in the ground state with n\ = n 2 = 0, this wave function becomes 

1 



ip (xi,x 2 ) 



"1" 


1/2 , 




exp I 


7T 





+ 4) 



If the x 2 coordinate alone is in its ground state, the wave function becomes 



ip(xi,x 2 ) 



1 



1/2 



H n (xi)exp |-i (x\ + x\)X, 



ir2 n n\ 

with n — n\. In order to squeeze this wave function, we introduce first the normal coordinates 

yi = "71 ys = V2 ~~ ' 

In terms of these variables, the wave function of Eq. (j2"8|) can be written as 



1 



1/2 



H n 



m + V2 

V2 



exp 



vl + vl 



Tm\2 n 

Let us next squeeze the system by making the following coordinate transformation. 

yi -> e n t/i, y 2 -> e~ v y 1 . 

This transformation is equivalent to 

x\ — » [(cosh?7)a;i + (sinh?7)a;2] , X2 — + [(sinhTy)xi + (cosh 77)2:2] , 



like the Lorentz boost given in Eq. (fr2)) . 
The wave function then becomes 
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1/2 , 




7m!2 n _ 



e ''j/i + 



If we use the x\ and 0:2 variables, this expression becomes 
( .;; (r| ., il= ■ rr l 'e^(x 1 +x a )e^(x 1 -x a ) 



exp 
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1/2 , 


H n f 


_7rn!2"_ 



exp 



a;2) 2 + e 2?) (xi - x 2 f 



(28) 

(29) 
(30) 

(31) 

(32) 
(33) 

(34) 
(35) 



This transformed wave function does not satisfy the eigenvalue equation of Eq. (|24j) . It is a linear combinations of the 
eigen solutions x ( x i) an d X ( x i) defined in Eq. pS)) . The linear expansion takes the form d, [11] 



/ 1 \ (n+i) 



(n + k)\ 
n\k\ 



1/2 



(tanh i]) k Xn+k (xi) Xk (x 2 ) 



(36) 



In quantum optics, the eigen functions Xn+k ( x i) and Xk (xi) correspond to the (n + fc)-photon state of the first photon 
and fc-photon state of the second photon respectively. 

If n — 0, it becomes the squeezed ground state or vacuum state, and the resulting wave function is 



^P°(xi,x 2 ) = ^Jfr^ J ^2( ta -n-hj]) k Xn+k (xi) Xn (x 2 ) , 



(37) 



In the literature, this squeezed ground state is known as the squeezed vacuum state [6|, while the expansion of Eq. 
is for the squeezed n-photon state [Til ]. 

While these wave functions do not satisfy the eigenvalue equation with the Hamiltonian of Eq. (|23| , they satisfy the 
eigenvalue equation with the Hamiltonian H_, where 



1 



H- = 



If the x 2 coordinate is in its ground state, 



d 
dx\ 



_d_ 



H_iji (xi,x 2 ) = nip (xi,x 2 ) 
I 



(38) 



(39) 



If we replace the notations x\ and x 2 by z and t respec- the oscillator equation of Eq. (|lip generates a set of solu- 
tively, this Hamiltonian becomes that of Eq. pTj) . Thus, 
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tions which forms the basis for the squeezed states. 

The t variable is the time-separation variable, and is 
not the time variable appearing in the time-dependent 
Schrodinger equation. We shall discuss this variable in 
detail in Sec. [TVl 

The differential equation of Eq. (fTT|) was proposed by 
Feynman et al. in 1971 ||. Even though they were not 
able to provide physically meaningful solutions to their 
own equation, it is gratifying to note that there is at 
least one set of solutions which can explain many as- 
pects of physics, including squeezed states in quantum 
optics as well as the basic observable effects in high- 
energy hadronic physics. 

IV. FEYNMAN'S REST OF THE UNIVERSE 

In Sec. UH the time-separation variable played a major 
role in making the oscillator system Lorentz-covariant. It 
should exist wherever the space separation exists. The 
Bohr radius is the measure of the separation between the 
proton and electron in the hydrogen atom. If this atom 
moves, the radius picks up the time separation, according 
to Einstein [l]|. 

On the other hand, the present form of quantum me- 
chanics does not include this time-separation variable. 
The best way we can do at the present time is to treat 
this time-separation as a variable in Feynman's rest of the 
universe [l7|. In his book on statistical mechanics [Lsl ]. 
Feynman states 

When we solve a quantum-mechanical prob- 
lem, what we really do is divide the universe 
into two parts - the system in which we are 
interested and the rest of the universe. We 
then usually act as if the system in which we 
are interested comprised the entire universe. 
To motivate the use of density matrices, let 
us see what happens when we include the part 
of the universe outside the system. 

The failure to include what happens outside the system 
results in an increase of entropy. The entropy is a mea- 
sure of our ignorance and is computed from the density 
matrix (l9| . The density matrix is needed when the ex- 
perimental procedure does not analyze all relevant vari- 
ables to the maximum extent consistent with quantum 
mechanics [20] . If we do not take into account the time- 
separation variable, the result is therefore an increase in 
entropy [HHH]. 

It is gratifying to note that the two-mode coherent 
state in quantum optics shares the same mathematical 



basis as the covariant harmonic oscillator. In the two- 
mode squeezed state, both photons are observable, but 
the physics survives and becomes even more interesting 
if one of them is not observed 0] • 

In the covariant oscillator formalism, these two pho- 
tons are translated into longitudinal and time-like exci- 
tations in the hadronic system. If the hadron is at rest, 

A t 




z 



Measurable 

FIG. 2: Localization property in the zt plane. When the 
hadron is at rest, the Gaussian form is concentrated within a 
circular region specified by (z+t) 2 +(z— t) 2 — 1. As the hadron 
gains speed, the region becomes squeezed to e~ 2rl (z + t) 2 + 
e 2rl (z — t) 2 — 1. Since it is not possible to make measurements 
along the t direction, we have to deal with the information 
less than complete, and to resort to entropy. 



there are no time-like excitations. On the other hand, if 
the hadron moves, there are time-like excitations to the 
observer at rest. But this observer is not able to detect 
it. Indeed, these time-like oscillations are in Feynman's 
rest of the universe. 

Let us carry out a concrete mathematics using the den- 
sity matrix formalism. From the covariant oscillator wave 
functions defined Sec. UH the pure-state density matrix is 

p^(z,t;z , ,t')=^(z,t)^(z , ,t'), (40) 

which satisfies the condition p 2 = p : 

p%(z,t;x',t') = J p^(z,t;x ,, ,t ,, )p^(z ,, 7 r;z',t')dz ,, dt v . 

(41) 

However, in the present form of quantum mechanics, 
it is not possible to take into account the time separation 
variables. Thus, we have to take the trace of the matrix 
with respect to the t variable. Then the resulting density 
matrix is [2l| 
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p?j(z,z')= I ^(z,t)^(z',t)dt 

f i \W) {n + k ;y. 



\ cosh r\ 



£ 



(tanhr?) ijj n+k (z)ipl 

+n( z )■ 



(42) 



The trace of this density matrix is one, but the trace of p 2 is less than one, as we can see from the following formula. 



Tr (p 2 



p™(z, z')p™(z' ', z)dzdz' 



cosh 77 



4( " +1) r (n + fc) p2 



£ 



i!fc! 



(tanh r/) 



4 k- 



(43) 



which is less than one. This is due to the fact that we do not know how to deal with the time-like separation in the 
present formulation of quantum mechanics. Our knowledge is less than complete. 
The standard way to measure this ignorance is to calculate the entropy defined as 



S=-Tr(p\n(p)). 



(44) 



If we can measure the distribution along the time-like direction and use the pure-state density matrix given in 
Eq. (|40[) . the entropy is zero. However, if we do not know how to deal with the distribution along t, then we should 
use the density matrix of Eq. (|4"2"1) to calculate the entropy, and the result is [2l[ 



S = 2(n+l) {(coshr;) 2 ln(coshfy) — (sinhry) 2 ln(sinh7y)} 
In terms of the velocity v of the hadron, 



1 



cosh 77 



2(n+l) 



£ 



(n + k)l 
n\k\ 



In 



(n + k)\ 



5=-(n + l) In 



1 - 



(- 

V c 



(v/c) 2 \n{v/c) 2 
1 - (v/c) 2 



i!fc! 



i!fc! 



(n + fc)! 



(tanh77) 2fc . (45) 







21,- 



(46) 



Let us go back to the wave function given in Eq. (|20| . As is illustrated in Figure Q] its localization property is 
dictated by the Gaussian factor which corresponds to the ground-state wave function. For this reason, we expect that 
much of the behavior of the density matrix or the entropy for the n-th excited state will be the same as that for the 
ground state with n — 0. For this state, the density matrix and the entropy are 



p{z,z') = 



7r cosh(2?7) 



1/2 



exp 



'\2 



(z + z') 
4 [cosh(2?7) 



+ (z - z'Y cosh(2ry) 



and 



S = 2 { (cosh T]) 2 ln(cosh rf) — (sinh rj) 2 ln(sinh rj) } 
respectively. The quark distribution p(z, z) becomes 



p(z,z) 



7T cosh(2?7) 



1/2 



exp 



cos 



— Y 



(47) 



(48) 



(49) 



The width of the distribution becomes y/coshrj, and 
becomes wide-spread as the hadronic speed increases. 
Likewise, the momentum distribution becomes wide- 
spread [1, [23| . This simultaneous increase in the momen- 



tum and position distribution widths is called the parton 
phenomenon in high-energy physics [1 31 ] - The position- 
momentum uncertainty becomes cosh?]. This increase in 
uncertainty is due to our ignorance about the physical 
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but immeasurable time-separation variable. 

Let us next examine how this ignorance will lead to 
the concept of temperature. For the Lorentz-boosted 
ground state with n = 0, the density matrix of Eq. (j4"T|) 
becomes that of the harmonic oscillator in a thermal equi- 
librium state if (tanh rf) 2 is identified as the Boltzmann 
factor [23]. For other states, it is very difficult, if not 
impossible, to describe them and thermal equilibrium 
states. Unlike the case of temperature, the entropy is 
clearly defined for all values of n. Indeed, the entropy in 
this case is derivable directly from the hadronic speed. 

The time-separation variable exists in the Lorentz- 
covariant world, but we pretend not to know about it. 
It thus is in Feynman's rest of the universe. If we do not 
measure this time-separation, it becomes translated into 
the entropy. 

CONCLUSIONS 

In this paper, we started with the Lorentz-invariant 
differential equation of Feynman et al. Q • This equation 
can be separated into the Klein-Gordon equation for the 



free-flying hadron and the harmonic-oscillator equation 
for the quarks inside the hadron. It was noted that there 
is a set of solutions constituting a representation of the 
Poincare group 0. While this set leads to many inter- 
esting consequences in high-energy physics, it serves as 
the mathematical basis for squeezed states in quantum 
optics. This also serves as a mathematical tool for illus- 
trating Feynman's rest of the universe. 

Starting from the physics of two-mode squeezed states, 
we were able to give a physical interpretation to the 
time-separation variable which is never mentioned in the 
present form of quantum mechanics. 

According to Feynman, the adventure of our science of 
physics is a perpetual attempt to recognize that the dif- 
ferent aspects of nature are really different aspects of the 
same thing. While this is his interpretation of physics, 
the question is how to accomplish it. One way is to prove 
that everything in physics comes from one equation, as 
Newton did for classical mechanics. Feynman's equation 
of Eq.([T]) does not appear to generate all the physics, but 
it could serve as the starting point in many branches of 
physics. 
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